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We analyze the effect of the parton color randomization on pr broadening in the quark-gluon plasma with
turbulent color fields. We calculate the transport coefficient for a simplified model of fluctuating color fields
in the form of alternating sequential transverse layers with homogenous transverse chromomagnetic fields with
random orientation in the SU(3) group and gaussian distribution in the magnitude. Our numerical results show
that the color randomization can lead to a sizable reduction of the turbulent contribution to §. The magnitude
of the effect grows with increasing ratio of the electric and magnetic screening masses.
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1. INTRODUCTION

The experiments on heavy ion collisions at RHIC
and the LHC led to the discovery of quark-gluon plasma
(QGP). The hydrodynamic simulations (for reviews,
see, e.g., Refs. [1-3]) of AA collisions at the RHIC and
LHC energies show that the QGP produced in AA colli-
sions flows as almost ideal fluid with a very small shear
viscosity to entropy density ratio n/s, of the order of
the lower bound 7/s ~ 1/4x [4]. Hydrodynamical anal-
yses give strong evidence for the onset of the collective
flow/thermalization regime of the QCD matter at the
proper time 79 ~ 0.5 — 1 fm [3,5]. No clear consensus
has emerged on whether these facts can be explained
within the paradigm of the weakly coupled QGP. On
the one hand, calculations of the shear viscosity in the
kinetic theory with 2 — 2 parton processes in the lead-
ing logarithmic approximation [6] give n/s ~ 0.6 (for
the QCD coupling constant g = 2 and Np = 2.5), that
is considerably larger than required for description of
the flow effects observed in AA collisions at RHIC and
the LHC. This contradiction of the kinetic theory with
binary collisions to data on AA collisions was confirmed
by direct simulation of the QGP evolution in AA colli-
sions at RHIC energies within the Boltzmann equation
performed in [7]. The inclusion of the near collinear
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splitting 1 <> 2 processes [8] does not change consider-
ably the ratio n/s. However, in [9] it was shown that
accounting for the NLO corrections to the formulas of
the effective kinetic approach of [8] can considerably
reduce 17/s V. On the other hand, there is indication
that with the inclusion of the large angle 2 < 3 pro-
cesses the kinetic approach may give n/s ~ 1/4m [11]
without the NLO corrections to the parton cross sec-
tions. Also, the approach of [11] leads to considerable
decrease of the thermalization time [12] as compared
to the perturbative “bottom-up” scenario [13] based on
the Boltzmann equation with 2 — 2 and near collinear
2 < 3 processes, which does not explain the small ther-
However, one should bear in mind
that the analyses [7—9,11-13] ignore the possible plasma
instabilities that can appear for anisotropic initial par-
ton system produced in AA collisions [14-16]. Possible
importance of the QGP instabilities for AA collisions
was first discussed in [17]. One of the important QGP
instabilities is the chromomagnetic instability similar
to the Weibel instability in the ordinary plasmas [18].
The unstable chromomagnetic modes of the gluon field
due to the color Weibel instability must appear due
to strong anisotropy of the initial parton distribution
[13-15, 19| for which the transverse parton momenta

malization time.

1) The large difference between LO and NLO results of [9]
arises from the large NLO correction to ¢ obtained in [10], which
is used in the framework of [9] for description of the small angle
parton scattering within the Fokker-Plank approximation.
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are larger than that along the beam axis. The gen-
eration of the unstable color fields can accelerate the
thermalization [19,20]. From the point of view of the
flow effects in AA collisions, it is important that in-
teraction of the thermal partons with the random color
fields can reduce the parton mean free path in the QGP,
and consequently can decrease the viscosity of the QGP
produced in AA collisions. This mechanism of genera-
tion of a small effective shear viscosity of the QGP in
AA collisions has been addressed in Refs. [21-23]. Also,
in [24] it was argued that the turbulent color fields in
the QGP can potentially be important for spin trans-
port in AA collisions. The effect of the instabilities
on the QGP evolution in AA collisions has attracted
much attention in the literature (for a review, see Refs.
25, 26]).

The reduction of the QGP shear viscosity in the
presence in the QGP of the turbulent collective color
fields is closely related to the turbulent enhancement
of the transport coefficient ¢ [23]. The transport co-
efficient ¢ characterizes the mean squared transverse
momentum acquired by a fast particle per unit length
in the QGP [27]. In terms of ¢ one can obtain the esti-
mate for the typical length, A, of degradation of the mo-
mentum for thermal partons in the QGP: A\ = b(p)?/4q,
where (p) ~ 3T is the average parton momentum, and a
reasonable choice for the coefficient b is b ~ 0.5. Then,
using the fact that in the kinetic theory the shear vis-
cosity is approximately [28,29]

1
1~ SnlpA )
(n is the parton number density) one can obtain the
approximate relation between 1 and ¢

n 1573
- ~ ) (2)

s q

that agrees reasonably with the estimates given in
[23,30].

Besides the effect of the turbulent contribution to
G on the QGP shear viscosity, it is also important for
pr broadening of fast partons with energy E > T pro-
duced in hard processes in AA collisions. Interaction of
fast partons with the collective color fields can also lead
to synchrotron-like gluon radiation [31], which may en-
hance jet quenching in AA collisions. The effect of the
collective background color fields on the pr broadening
of fast partons in an unstable QGP has been addressed
in [32] within the classical approach using Wong’s equa-
tions [33]. A quantum calculation of py broadening of a
fast parton in random color fields have been performed
in [34] (in the context of the parton pr broadening in

the glasma color fields). The turbulent contribution to
g is o< g*esr., where € is the mean energy density of
the turbulent collective fields, and r. is the correlation
length of these fields. This result is natural and quite
transparent since pr broadening arises due to random
transverse momentum kicks with Ap% ~ g%e;r2. How-
ever, the calculations of [32,34] ignore the fact that
gluon exchanges between the fast parton and the QGP
constituents can change the color state of the fast par-
ton. It is clear that such gluon exchanges will affect
the transverse momentum acquired by the fast par-
ton due to interaction with the collective color field,
since the change of the fast parton color state changes
the Lorentz force. One can expect that this should re-
duce the turbulent contribution to pr broadening, be-
cause the color randomization of the fast parton due
to the gluon exchanges effectively reduces the correla-
tion length of the Lorentz force in the collective color
fields of the QGP. Study of this effect is of interest both
from the point of view jet quenching and from the point
of view of the turbulent shear viscosity of the QGP
[21-23]. The purpose of the present paper is to study
this effect quantitatively. We perform calculations for
a simplified model of random background chromomag-
netic fields with alternate homogeneous field layers.
The paper is organized as follows. In section 2, we
give introductory overview of calculations of the contri-
butions to pr broadening from scattering in turbulent
color fields and from scattering on the thermal partons
treating these two mechanisms separately. We give a
new alternative simple derivation for pr broadening in
the turbulent non-abelian fields. In section 3, we de-
velop a formalism for calculation of pr broadening in
the QGP with fluctuating background fields accounting
for the effect of the color randomization of fast partons.
In section 4, we present the results of numerical simu-
lations. Conclusions are contained in section 5.

2. TURBULENT AND THERMAL
CONTRIBUTIONS TO pr BROADENING

In this section we discuss briefly the quantum for-
malism for transverse momentum broadening of fast
particles passing through high-temperature QED and
QCD plasmas. The approach is similar to that used
in our previous studies on the propagation of positron-
ium atoms through a matter [35] and on the Landau-
Pomeranchuk-Migdal effect in QED and QCD [36].

We assume that the plasma is statistically homoge-
neous and isotropic. We consider a fast particle with
E > m with the initial momentum along the z-axis. At
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Fig. 1. (a) The lightlike Wilson lines corresponding to the evolution operator for the transverse density matrix of a fast particle in
the eikonal approximation; (b) the closed Wilson loop made of the two lightlike Wilson lines and the transverse segments arising
from the Aharonov-Bohm phase factors in the initial and final density matrices

leading order in the particle energy E, the transverse
dynamics of fast particles in an external field can be de-
scribed in terms of a 2D Schrodinger equation, which
governs the z-evolution (on the light-cone ¢ — z =const)
of the transverse wave function [35,36]. In the trans-
verse Hamiltonian the role of “mass” is played by the
particle energy E. The transverse Green function can
be written in the Feynman path integral form [37]

K(py, 22|py, 1) :/DPX

2
X exp i/dz
z1

where M = F, and

M(dp/dz)?

L0 Wleh),

(3)

W({p}a 22, Zl) =

—ie/dz(AO—A3—AL-vl)

21

(4)

= exp

is the Wilson line factor for the trajectory p(z) in the
external potential A, (¢, p(2),2) at t — z =const. In
the high energy limit the transverse motion is frozen
and the Green function takes the eikonal form (for an
abelian external field)

K(p2722|p1721) :6(p2_p1)W(p522721)5 (5)

where

W(p,z2,21) = exp

= exp fie/dz(AO — A% (6)
is the lightlike Wilson line factor with n* = (1,0,0,1)

for p=p, = p,.
In the present analysis we will discuss pr broad-
ening in the eikonal approximation. However, using
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the path integral representation (3) for the Green func-
tions, one can show that for statistically transverse uni-
form medium the calculations of pr broadening with
accurate Green functions give the same results as the
eikonal approximation [35,36]. For this reason, all the
results presented in this paper remain valid beyond the
eikonal approximation.

2.1. pr broadening in turbulent background
fields

2.1.1. Abelian field

Let us consider first a charged particle propagating
in a fluctuating electromagnetic field. For a given ex-
ternal field, the evolution operator for the transverse
density matrix p(b,b’, z) = ¢(b,2)¢*(b’, 2) (hereafter
we denote the transverse vectors with bold letters) in
the eikonal approximation (corresponding to the dia-
gram of Fig. la) reads

S(bablaz2|bablazl) = W(baZQazl)W*(blazQ;ZI) =
= W(bazQazl)W(blvzlaZQ)a (7)

where W (b, z2,21) and W (b, z1, z3) are the lightlike
Wilson line factors given by (6) corresponding to the
paths from (b, z1) to (b, 22) and (b’, z2) to (b, 1), re-
spectively. The first equality in (7) shows that, for-
mally, the operator S can also be viewed as the eikonal
S-matrix for scattering of eTe™ pair. Below this fact
will be used to express the thermal contribution to ¢ in
terms of the dipole cross section oo+.- (or oqg for the
QGP) as was done in [35,36]. But for pr broadening
in turbulent fields we treat S as the evolution operator
of the density matrix.

For statistically uniform medium, the value of
(b + b’)/2 is immaterial, and one can take b = —p/2
and b’ = p/2 for the eikonal lightlike lines. We take
z1 = 0 and z9 = L. We will consider the evolution
operator as a function of p and L. The transverse mo-
mentum distribution, I(p), of the final particle (for the
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initial state with zero transverse momentum) can be
written in terms of the operator S as

<<(pp|5|po>>>,

> means averaging over the ensemble of

1

I(p) L

(8)

where <<
the background fields, pg is the density matrix of the
initial state with zero transverse momentum, and pp
is the density matrix of the final particle with trans-
verse momentum p. We assume that at z = 22 the
magnetic field vanishes, i.e., A, is pure gauge. The
density matrix of a particle with the physical trans-
verse momentum p in the presence of a non-zero pure
gauge transverse vector potential A reads

pp(22,p) = exp[—ipp] - W*(p/2,-p/2,22), (9)

where

b/
W (b’ b, z) = exp ie/d‘rAJ_
b

is the Wilson line factor for the straight transverse
path from b to b’, which appears due to the Aharonov-
Bohm phase shift [38]. Note that in the presence of a
real magnetic field, when A is not pure gauge, the
final particle can not be regarded as having a definite
transverse momentum. In this case, p can only be de-
termined with uncertainty of the order of the inverse
Larmor radius (which corresponds to the relative error
Ap/p ~ eB/p?).
Using (7), (8) and (9) one can write the momentum
distribution of the final parton as

(10)

1) = Gz [ deeolipal((Wlo. 1)), (1)

where W, is the Wilson factor for the closed path as
shown in Fig. 1b, which includes the two straight light-
like lines and the two transverse segments (correspond-
ing to the Aharonov-Bohm phase factors in the initial
and final density matrices)

Wc(p7 L) = W(ip/Qv 215 ZQ)W(p/Za 7p/25 22)X
X W(p/2, 22, Zl)W(_p/27 P/27 21)

= exp {ie%cdx“/lu} (12)

with 21 = 0, 290 = L. The definition of py broaden-
ing in the QGP in terms of the closed lightlike Wilson
loop was suggested in [39,40] in strong-coupling calcu-
lations of § using AdS/CFT correspondence. In [39,40],
it was assumed that pr broadening is associated with
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the long lightlike Wilson lines, and the effect of two
short transverse segments can be ignored. However,
one should be in mind that in some cases the whole
effect of pr broadening may come from the transverse
Wilson lines. For instance, this occurs for a fluctuating
transverse magnetic field described by a z-dependent
transverse vector potential: B = V x A (z). In this
case the lightlike Wilson factors equal unity, and pr
broadening arises due to fluctuating Aharonov-Bohm
phases in the transverse Wilson factors (or in one of
them). This occurs even if the transverse Wilson lines
are located outside the medium.
We write the averaged W, in the form

((Welp. 1)) = exp[-P(p)). (13)
In terms of the function P(p), I(p) reads
10) = oz [ dpexvlipp ~ Plp)) . (1)
P) = gz | dpexplipe p)] -

The value of (p?) is sensitive to the behavior of P(p)
at small p. For particle scattering in the collective tur-
bulent fields we have P(p) x p? in the limit p — 0. In
this case, from (14) one obtains

(0%) = V2P(p)| = lim 4P(p)/s".

p—0

- (15)

The integral over the closed contour fC dz"A, in
(12) can be transformed in an integral over the surface
spanning it with the help of the Stokes theorem

1
j{ dztA, = §/dUWF,“,.
c

In the limit of small p, the surface integral on the right
hand side of (16) can be written as

(16)

L

1 .
g/da“”FW %/dzijjJr

0

(17)

where j = 1,2 is the transverse index. Using (17) one
obtains at small p

/w/w«mVWAA»,O&

where, for brevity, for F;; we indicate only the lon-
gitudinal component z of the position four-vector
z* = (2,0,0,2). Assuming that the field correlation
radius, 7., is small compared to the medium thickness
L, from (15) and (18) one obtains

p’e

4

2

P(p) =

o0

(p?) = 2L62/dz<<ﬂ-+(z)Fi (0)>>.

0

(19)
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Fig. 2. A cartoon depicting the deformation of the rectangular Wilson loop of Fig. 1b to rewrite the closed non-abelian Wilson
line operator in terms of a surface integral

This formula can be rewritten as

®) =2L [(E((fEH0)), e
0
where f;(z) = —eF;;(z) is the ith component of the

Lorentz force experienced by the charged particle with
velocity v = 1 along z axis. The formulas (19) and
(20) are consistent with the physical picture of pr
broadening as a random walk in the tranverse momen-

~

tum arising from the transverse momentum kicks with
(Ap?) ~ e?esr? in scatterings on the domains of the
background fields.

2.1.2. Non-abelian field

Consider now pr broadening in the non-abelian tur-
bulent collective color fields. It was addressed pre-
viously in [32,34]. Here we give an alternative sim-
ple derivation very similar to that given above for the
abelian case. In the non-abelian case, the external po-
tential in the Wilson lines shown in Fig. 1 becomes
the color operator A, = AfT%, where T% is the color
SU(3) generator for the fast parton. And the abelian

formula (12) is now replaced by

TeW, =Tr [77 exp <zgy{ dx“AZT“Rﬂ ,
c

where P denotes path ordering of the exponential. We
assume that the beginning and the end of the path C
are at the upper left corner of the rectangular contour
shown in Fig. 1b. The non-abelian function P(p) is
defined as

L < <Tch(P,

R

(21)

L)) =expl-Plp)],  (22)
where dpr is the dimension of the color representation
for the fast parton i.e., for SU(3) dgp = 3 and 8 for
quarks and gluons, respectively.

The Wilson line operator W, can be rewritten in
terms of a surface integral with the help of the non-
abelian Stokes theorem [41-44]. For small p this can
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be done using the deformation of the contour C' to the
one with a sequence of small plaquettes as shown in
Fig. 2. Then, we obtain

~r [Tl

(23)
n=1
[U ()]} =~ 65—
Zg v a a i
- 5 A F(z2n) [ (20) TRQR(20)]5 . (24)
Qr(zn) = Pexp fig/dzn“AZ(z)T‘}g (25)

0
In (23)—(25) and below we suppress the time compo-
nent (z° = 2) and the transverse components (x> = 0)
of the position four-vectors in arguments of £, and AZ
for notational simplicity. One can rewrite (24) as

n)

where F;w = QXFW is the color rotated field strength
tensor. Using (23), (26) and (21) one obtains

Ule) =1 - LAck B, ()T, (26)

TrW, ~
p—0

~Tr |Pexp | —igp’ /sz z)Th (27)
Then, us-
ing the relation Tr( aRTl}%) = 6drCr/(N2?—1), from
(27) and (15) we obtain the non-abelian counterparts
of (18) and (19)

Plo) = 8,
L z1
X/le/dZQ ~+(21)F‘ﬁi_(22)>>7 (28)
0 0
) = 2 / (PR 0)). @)
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2.2. Thermal contribution to pr broadening

2.2.1. Abelian plasma

Consider now the thermal contribution to py broad-
ening for charged particles in the QED plasma due to
multiple scattering on the plasma constituents. The
thermal contribution to pp broadening in the QED
plasma can be treated similarly to the case of ordi-
nary amorphous materials addressed in [35]. The func-
tion P corresponding to the product WW™* of the Wil-
son factors for the diagram of Fig. la, can be ex-
pressed through the Wightman photon field correlator

({(AF(2) A% (y))) as

Pun(p) = ¢*L / d2[G(2,0.2) — Gz pr2)], (30)

— 00

Gz —y) = n'n"((Au(2) Ay (y))) -

In the approximation of the static Debye screened
Coulomb centers (similar to that of [45] for the
QGP), neglecting correlations between the plasma con-
stituents, the function Py, (p) given by (30) can be writ-
ten as

(31)

Pi(p) = L0 )
where n = 3£(3)T3/7? is the number plasma density
(for the electron-positron plasma with zero chemical
potential, and T > m,), and o.+.-(p) is the dipole
cross section for scattering of the ete™ pair on the
scattering center. In the two-photon exchange approx-

imation o +.- (p) reads
J

where mp = eT/\/§ is the Debye mass for the QED
plasma [46]. The formula (33) corresponds to the func-
tion Py (p)

(32)

64

_ [ oL expliap)]
272

@ e

Octe- (p)

st

5 (p) = ﬁ / dall — exp(iap)|Pii(a)  (34)

with . 5
, Le*3¢(3)T
Pil(q) = 5. 35
th (q) 2 (qg + m2D)2 ( )
The ratio
02 (P) = O¢te— /P2
(and Pji(p)/p*) has a logarithmic dependence

x In(1/pmp) at p < 1/mp due to the Coulomb tail in
scattering on the plasma constituents at ¢> > m%. Due
to the appearance of the Coulomb logarithm, for the
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thermal contribution the prescription (15) is replaced
by

(p*) ~ V*P(p) ~ AP (pmin)/ Povin -

P™~Pmin

(36)

where pmin ~ 1/¢maz, and gmas is the maximal mo-

mentum transfer for 2 — 2 scattering of the fast parti-

cle on the plasma constituents (for a relativistic plasma

@20z ~ 6ET). The transport coefficient
g = d(p*)/dL

in terms of the function Cy reads

~st
Qih =

27102 (P ~ pnﬂn) . (37)
The Coulomb tail leads to a logarithmic increase of
Gsn, with the particle energy. In the static model, from
(34), (35) and (36) for G in the leading-logarithmic
(LL) approximation one obtains
<6ET)

In 5 .
m

D
In the HTL scheme [47] the P:,(q) can be written

e*3¢(3)1°
473

~st o
dip ~

(38)

as

P (q) = Le*TC(q) (39)

with
_omp
¢*(¢® +mp)’

C(a)

see Ref. [48]. This gives the HTL transport coefficient
in the LL approximation
n ( ) |

In the HTL scheme the coefficient of the logarithm
in Gy, is smaller by a factor of 72/9£(3) ~ 0.912. This
difference is not surprising since the HTL scheme is as-
sumed to be valid only at the momenta ~ eT' < T. In
principle, since the Coulomb logarithm comes from the
broad region 6ET > ¢® > m?%, the prediction of the
static model for §;;, should be more accurate than that
of the HTL scheme at E > m%/T. Because in this
regime the coefficient of the logarithm is controlled by
the number density of the plasma, and this is clearly
fulfilled in the static model.

Note that for the QED plasma the turbulent and
thermal contributions to ¢ are additive, since these two
mechanisms do not affect each other.

6ET

2
mp

qHTL ~ T3
th 127

(40)
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Fig. 3. Diagrams describing the dipole operator (41) for scattering of pp pair on the plasma constituent in the double-gluon
approximation

2.2.2. Non-abelian plasma

Calculation of the thermal pr broadening in the
QGP is very similar that for the QED plasma. Sim-
ilarly to QED, we can view the upper line < in Fig. la
as the Wilson line for antiparticle p, since in QCD for a
particle p (quark or gluon) in the color representation
R, —(T%)* equals the color generator 7% for p. Then,
similarly to QED, the evolution operator of the non-
abelian density matrix can be viewed as S-matrix for a
fictitious pp state. This is valid if we restrict ourselves
to contributions of one- and two-gluon exchanges be-
tween fast partons and plasma constituents (as shown
in Fig. 3).

In the approximation of the static Debye screened
color centers [45], the two-gluon exchange amplitude of
Fig. 3 acts as a color operator

®°, 5’16 (p)|p™, %) =
CRCtg4 / 1
= — d —_—
1672 q(q2 + mQD)2 x

858 — (158 (1) 2 SR04 P)
x 0267 — (TR2IRETT A (a)

where mp = ¢gT'\/1+ Np/6 is the Debye mass, and
Cr and C; are the Casimir color operators of the fast
parton and of the QGP constituent. This formula ac-
counts for that in Fig. 3, due to sum over the color in-
dices of the plasma constituent, the two-gluon ¢-channel
states are color singlets. This fact guarantees that, af-
ter summing over the color indices for the initial/final
pp states, all the intermediate pp states between scat-
terings on different QGP constituents are color singlets.
This allows one in calculating the function P to re-
place the dipole operator (41) by its expectation value
between the color singlet pp states, i.e., by the dipole
cross-section

app(p) = ({1} (p)|{1}) =

_ CRCt94/ 1 .
= 6.2 dq(q2+m2D)2 1—exp(iq-p)|. (42)

222

Then, one obtains for the QCD counterpart of (32)

Pst(p) — LY gy 1:0,5(p) _ L”Sffagﬁ(m
th (p) - 2 - 2 )

where n, 4 are the thermal number densities of quarks
and gluons, and ngf  is defined as

(43)

ngff =ng+nyCa/Cp =

= £(3)[Np9 + Ca16/Cr|T? /7% . (44)

Calculating

Ca(pmin) = O-;Z;E(pmin)/pgnm
in the LL approximation one obtains the thermal trans-
port coefficient for the static model

~5t
th ™~

9'Cré(3)[CrNFI + Cal6T®
3273

In the HTL scheme we have
P (q) = Lg°CRrTC(q), (46)

and the transport coefficient in the LL approximation
is given by

“HTL . g*CrT?[1 + Np /6]
qt}b ~ 47T

ET
In (6 . ) L)
mp
Comparing (47) and (45) one sees that in the LL ap-
proximation the ratio of ¢; for the HTL scheme to that

for the static model is

7r2(1 + Nf/ﬁ)
6£(3)(1 + Ny/4)

Contrary to the QED plasma for the QGP the con-
tributions to pr broadening of the thermal and of the
background field mechanisms are non-additive, since pr
broadening due to the background field is modified be-
cause the color exchanges between the fast parton and
the medium constituents lead to change of the Lorentz
force experienced by the fast parton in the background
color field. For this reason, the two mechanisms of pp
broadening in the QGP must be treated on an even
footing.

~ 1.19 for Ny = 2.5.
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3. pr BROADENING OF FAST PARTONS IN
THE QGP WITH SIMULTANEOUS
TREATMENT OF THERMAL AND
BACKGROUND FIELD EFFECTS

In this section we study the non-additivity of pr
broadening in the QGP corresponding to the back-
ground field and to the thermal mechanisms for a sim-
plified model of the random background field. We con-
sider the case of fluctuating layered background color
magnetic field with the transverse layers. We assume
that in each layer the magnetic field is purely trans-
verse and homogeneous. The fields in different layers
are assumed to be uncorrelated. In this model the layer
thickness, AL, plays the role of the field correlation ra-
dius in the real turbulent QGP. The assumption of a
purely transverse (and magnetic) field does not seem to
be too restrictive, since for ppr broadening the crucial
quantity is the transverse Lorentz force acting on the
fast parton. We consider a brick of QGP with N > 1
slabs (i.e., with L > AL) of fluctuating homogeneous
transverse color magnetic field B*. The fields in dif-
ferent slabs are assumed to be uncorrelated. For the
thermal QGP constituents we use the model of the De-
bye screened color centers [45] with the dipole color
operator given by (41). Also, we present the results
treating scattering of the fast parton on the thermal
fluctuations for the HTL scheme with a non-zero mag-
netic screening mass [48]. In each slab we take the
external vector potential in the form

A =(0,0,0,[B" x p]’) = (0,0,0,p-f*).  (48)

where B® is the transverse chromomagnetic field, and
f* is the transverse Lorentz force for ¢ = 1. We assume
that the vector potential is absent at the initial and
final points of the lightlike Wilson lines of Fig. 1a, and
consequently the tranverse Wilson factors can be omit-
ted. We treat the complex conjugated lightlike Wilson
factor of the parton p as that of p.

Our starting point is the evolution operator for the
transverse density matrix for the set {f} = (f1, ..., fn)

of the Lorentz forces acting in the layers 1, ..., N, writ-
ten as
(49)

The transverse momentum distribution I(p) can be
written as

1
(27)?

< [ dpespiip - pl(({1}IS(p.LATDHINY) . (50

I(p) X
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where |{1}) is the color singlet wave function of the pp
pair, and e means averaging over the ensemble
of the fluctuating chromomagnetic fields and of the po-
sitions of the scattering centers. These two averagings
can be performed independently. The averaging over
the chromomagnetic fields is equivalent to averaging
over the vectors of the color Lorentz forces f for all the
layers. For a given set {f} of the Lorentz forces in the
slabs, the expectation value of the evolution operator
S between the color singlet initial and final pp states
can be written as

{1HS(p, L, {fHI{1}) =
Z ({1}s(p, z2n+1, 2N N)[¥N—1)... X

.....

S(p, 225 21, f2)|\111><\1/1|5(p7 215 20, f1)|{1}> )
(51)

x(

where
Zi = 21+ AL(’L — 1),

AL = L/N is the slab thickness, f; is the Lorentz force
in the slab i (we omit the transverse space and color
indices), and s(p, zi+1, 2i, f;) is the evolution operator
for a slab of the QGP in the interval (z;, z;+1) with the
Lorentz force f;. For each of the i = 1,...N slabs, by a
proper SU(3) rotation U;, one can transform the color
Lorentz force vector f{* to the one with components in
the Cartan subalgebra (i.e., with nonzero components
only for a = 3 and a = 8). Of course, the necessary
matrices U; may differ for different layers. Assuming
that the background color fields in different slabs are
uncorrelated, the averaging over the background fields
can be performed by independent integrations over the
SU(3) rotations U; of the Cartan vectors f; for each
of the slabs, and subsequent averaging over the Cartan
vectors f; in each layer. Fortunately, one can avoid in-
tegrations over the SU(3) rotations U;. We use the fact
that for any color operator O, depending on the color
vector f, the color wave function |¥) defined as

)= [awowpi

can contain only color singlet states. This means that
in calculating the averaged over the chromomagnetic
fields expectation value of the operator S, on the right
hand side of (51) all the intermediate color states ¥;
can be replaced by the color singlet state {1}. After
this replacement, due to the relations

({1}s(p, zig1, zi, Us fi) {1}) =
= ({WUss(p, zig1, 2, [)U; H{1}) =
= <{1}|S(p, Zi+laziafi)|{1}>a

(52)

(53)



B. G. Zakharov

MITP, Tom 166, BhIm. 2 (8), 2024

we can exclude all the SU(3) rotation operators Uj.
Thus, we are left only with averaging over the Cartan
color vectors f{* with a = 3,8. Since the integrations
over the Cartan vectors are independent in different
layers, we obtain

(NS, LADHIY)) =
- {<<<{1}|5(PvAL,O,f)I{1}>>>f}N, (54)

where << . >> means averaging over the Cartan vec-

tors f. Note that the above formulas remain valid if we
include averaging over the positions of the color centers
(corresponding to the thermal part of pr broadening)
since for the double-gluon exchange amplitude (shown
in Fig. 3) the t-channel gluons are in the color singlet
state. Thus, in our model the problem is reduced to
calculation of the scattering matrix for a single slab of
the QGP with a homogeneous background chromomag-
netic field. We perform calculations for the Gaussian
distributions of the Cartan components of the Lorentz
force color vectors f, with a = 3,8

(55)

The interaction of quarks with the Cartan back-
ground fields fs; s is diagonal, i.e., it changes only the
phase of the gqq wave function. But it is not the case
for gluons. To diagonalize the interaction of gluons
with the background field, as in [31], we use the gluon
states having definite color isospin, @ 4, and color hy-
percharge, @ p, (we will denote the color charge by the
two-dimensional vector Q@ = (Qa,Q@p)). The diagonal
color gluon states, in terms of the usual gluon vector
potential, G, (a = 1...,8), read (the Lorentz indices
are omitted)

X = (G1 +ZG2)/\/§ (Q = (*170)%

Y = (Ga +iGs5)/vV2 (Q = (~1/2,-V3/2)),
Z = (Ge +iGr)/V2 (Q=(1/2,-V3/2).
The neutral gluons A G3 and B G3 have
Q = (0,0), and do not interact with the background
field. Note that, despite the fact that the initial pp
state is the color singlet (due to the contraction of
the color indices) after propagation through the back-
ground field the non-singlet components appear, nev-

ertheless the total color charge @, 4+ @5 of the pp pair
remains zero.

We assume that the two-gluon operator (41) can be
viewed as a local in the longitudinal coordinate z (this
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is the standard assumption in models of jet quench-
ing). In this approximation one can ignore the overlap
in the coordinate z of the background field effects and
the two-gluon exchanges on the pp state. We divide
the z-interval (0, AL) into a linear grid of M cells with
width h = AL/M. We assume that the two-gluon ex-
changes can only occur in the middle of the cells, i.e.,
at the transverse slices

zi=AL(i—1/2)/M, i=1,... M.

The background field, that acts outside of these slices,
changes only the phase of the intermediate pp states.
We will denote the color wave functions of the interme-
diate pp states in the chromomagnetic field as 1. Since
the external field does not change the total color charge
we have only pp states with @), + @5 = 0. The phase
factor for the intermediate pp pair in a color state 1
after propagating trough the medium a distance Az
reads

®y(Az,Q,p, f) = exp

ighzp' ) Q"fF

a=3,8

] , (56)

where
Q"= (Qy —Q3)/2=Q,.

For quarks we have 3 types of the color neutral g
intermediate states:

qlql (Q = (1/271/2\/§))a
¢ (Q=(-1/2,1/2V3)),
*¢* (Q=(0,-1/V3)).

For gluons (in the basis of charged and neutral gluons)
we have 10 types of the color neutral gg states: 6 states
made of charged gluons,

(@ = (=1,0)),
YY (Q=(-1/2,-V3/2),
27 (Q=(1/2,~V3/2)),
XX(Q=(1,0)),

YY (Q=(1/2,V3/2),
27 (Q=(-1/2,V3/2)),

and 4 states with @ = (0,0) made of neutral gluons,

XX

AA, BB, AB, BA.

So for quarks the operator s is 3 x 3 matrix, and for
gluons it is 10 x 10 matrix.
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For a given background field (i.e., before averag-
ing over the color fields) the s-matrix element averaged
over the thermal states of the QGP can be written as

({1} Is(p, AL,0,p, 1T ))
>
P14
X ©(p,h/2, Quit1, [)(Wnr1[Var (p, b))

X ®(p,h,Qur, f) ... ®(p, h, Qs, f)(Ws|Va(p, h)[2) x

X ®(p, h, Q2 f){¥2|Vi(p, h)[1) %
X B(p, h/2,Q1, {wrl{1}),

th

{1}ar41) %

(57)

where the operator V; reads (the index ¢ indicates that
the operator acts at the longitudinal coordinate z = z;)

Vilp,h) =1 - (58)
The formula (58) corresponds to the first order term
of the standard Glauber series, that appears after av-
eraging over positions of the scattering centers. One
can introduce the total phase factor ®::(p, h, {Q}, f)
defined as the product of the phase factors ® for all
the intermediate states v;, for the set of the color
charges {Q} = (Qu+1,...,Q1) corresponding to the
color charges of the parton p in the set of the interme-
diate states {¢¥} = (Ynr41,-..,%1). Then, the matrix
element of the operator s averaged over the thermal
states and over the color Lorentz force f can be writ-
ten as

({1} Is(p, AL,0, {11 )) =

> U ea) Wara [Var(p, ) [oar) - -+ x
Y1, P41

X (P3[Va(p, h)[92) (2 Vi (p, h)[¢h1) (¥a[{1}) %
X <<q)tot(pa h7 {Q}af)>>f7 (59)

where the averaged of the color Lorentz force factor
D0t (calculated using the Gaussian distribution (55))
reads

((@toh1@1.0))),

p2g202h?
= eXp{ -

4
with n, = 1/2 for k =1 and M + 1, and 7, = 1 for
1<k<M+1.

M+1

> [;wzﬁ (60)

a=3,8
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The (p?) for one slab of the QGP with the back-
ground field in terms of s reads

< In [((({1}Is(p, AL, 0. NI (61)

p~1/qmax

To calculate (p?) uing (61) we write the operator
V as

V(p,h) =V (0,h) +v(p,h)

with v(p,h) = V(p,h) — V(0,h). Using (41) and (58)
we obtain at small p

(62)

VED(0,h) = 6865~

_ nhCrCig" [5[35@ (TRA(Ts)z (63)

327rm% o CR ’

_ 2hnelf . _
P hn CQ(pnnn) a a
Vo (P, h) = ———1 (TH)(TR)a =
2CRr

2p 5 _

PhAR (pa\8 (payB
=— T (T2)2 . (64
R TATRL. (o0
In (64) we used that § = 2nCs.  Note that

V(p = 0,h) # 1 because the operator (p) given by
(41) does not vanish at p = 0 (only its expectation
value between color singlet states vanishes at p = 0).
Note that the V(0,h) can be rewritten in terms of the
parton mean free path in the QGP A, 5, = 1/no, as

V2D(0,h) = 6865

b DRI
R L T
mfp R
with
.
_ do nCrChg
L= da22op
mfp n/ dq? 32rm?, (66)
0

The A, fp characterizes the length of the color random-
ization of the parton p in the QGP [49]. Note that A, fp
defined by (66) is smaller that the mean free path A in
the formula of the kinetic theory [28,29] for  (1). The
latter is related to the transport cross section

-1 _ tr
AT = no,

4
= /dapsin29 ~ g/daqu,

with

tr
UP
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which is smaller than the total cross section entering
(66). Note that the HTL counterpart of (66), defined
by

2
max

/ dg*C(q?)

0

—1
mfp HTL ~

- gQCRT
4

(67)

gives logarithmically divergent )\;Llfp for the standard
HTL formula for C(q?) derived in [48]

1
Cl*) == — 5. 68
@)= 5wz (68)
This occurs due to the 1/¢? term in (68), which comes
from the transverse part of the gluon polarization ten-
sor IT7, and is related to the absence of screening for
the transverse static gluons, i.e., due to zero magnetic

screening mass, defined in the HTL scheme as
m3; = Rellz(0) = 0,

see [48]. In general, it is invalid [50]. In [48] it
was suggested to account for the nonzero magnetic
mass in the HTL calculation of the factor C' by using
Rellr(0) = m3, with nonzero my;. This leads to

1 1
C(d?) = — . 69
@)= e~ w0
Substituting this into (67), we obtain
2CRT m2
o ~ T w (Z2). (10)
HTL,mp#£0 47 mi,

Lattice calculations of [51,52] give mp/my ~ 2 — 3.
This can lead to a sizeable logarithmic increase of A, ¢p,
for the HTL scheme with magnetic mass as compared
to the model with the static color centers [45]. Note
that the sensitivity of the color relaxation time (and
conductivity) to the ratio mp/mps was discussed long
ago in [49].

From (61) using (59), (60), (63) and (64) we obtain
for one slab

(%) = (P*)en + (P°) s, (71)
where <p2)th7f correspond to pr broadening due to
rescatterings on the thermal QGP constituents and
scattering in the background turbulent field affected by
the color randomization due to particle rescatterings on
the thermal partons. The thermal contribution, which

comes from v, reads

_ Mhin
Cr

ALggr.
(72)

(P2 = (Y 5(Ta)sTe)ag
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To obtain (72), we used that in (59), without the phase
factor @4, all the intermediate projectors |1y (¢ | can
be replaced by [{1})({1}|. In this case, the right hand
side of (59) in the limit of small p becomes

{1}V (0, h) + v(p, ){IHM ~
~ 1+ M{1}|v(p, h){1}),

that, after substitution into (61), leads to (72) (which
agrees with calculations of the thermal pr given in sec-
tion 2, as it must be). The (p?); term in (71) comes
from the Taylor expansion of the phase factor ®;,; and
the matrix elements of V' (0, h) in (59). Using (59), (60)
and (61) one can obtain

(73)

(0%)s = W0

x> U n) G [V (0, )lba) - -+
Y1y M1
x (P3|V (0, h)|h2) (W2 [V (0, h)[¢1) (11 |[{1}) x
M+1 )
x> [Zﬂk@ﬂ - (14)
a=3,8 k=1

The background field contribution to the transport co-
efficient is

(P7) s

AL -

The formula (74), together with (63), can be used
for numerical calculation of the turbulent contribution
to the transport coefficient. Note that for quarks sum-
ming over the color index a in the second term inside
the square brackets in (63) can be performed analyti-
cally with the help of the Fierz identity for triplet color
generators:

il =

1
2N,

()5 (67} = 010

1 ..
= =40}
2 m©k
For gluon color generators we performed summing over
a in (63) numerically.
In the absence of rescatterings we have V(0,h) =1
(see Eq. (63), and (74) is reduced to

<p2>f _ h2M2g202 Z <Qa2>{1}'
a=3,8

(75)

From this relation, using

2CRr

{1HQ3+ Q1D = 5=

1 )
we obtain in our model without the thermal contribu-

tion
_ 2CRrALg?*0?
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This prediction agrees with formula (29) because in our

model
(FaFa0)) = ((FLOF40)) - F() (1)
with
((Fe.)F40))) =202,
and
1—|z|/AL if |2| < AL,
Fz) = {o o) >azL.

It is worth noting that the formulas (77) and (78)
show that our simplified model of the random back-
ground fields nevertheless leads to a quite reasonable
form of the field strength correlation function. For this
reason, one can expect that the use of the multilayer
homogeneous fields cannot greatly distort the results.

Note, finally, that although in our model we use a
specific geometry for the color exchanges, physically, it
is evident that it cannot be crucial for our predictions.
Because the only important quantity for the magnitude
of the effect of the color randomization on pr broaden-
ing is the ratio AL/Ay,fp, which is clearly insensitive
to the specific choice of the z-distribution of the color
exchanges of the fast parton in a slab.

4. NUMERICAL RESULTS

In this section, we present numerical results for ¢
using formulas of previous section®. We use the QCD
coupling constant g = 2. To characterize the magni-
tude of the background color field we use the ratio of
the chromomagnetic field energy density e¢; = B%/2 to
the total QGP energy density a = €f/€1or. We define
the total QGP energy density in terms of the equilib-
rium temperature in the ideal gas model:

st
15

77T2Nf
20

€tot = ( )T ~ 13.97*

(we take Ny = 2.5). We assume that the magnetic
field is isotropic. In this case for the Gaussian param-
eter o in (55) we have 0? = (2/3)aeor. We perform
calculations of ¢ for T' = 350 MeV, which seems to be
reasonable for the initial stage of the QGP evolution
at 7 ~ 1 — 2 fm for heavy ion collisions at the LHC
energies. In the absence of realistic calculations of the
turbulent QCD matter evolution in AA collisions, the

2) Note that our numerical calculations demonstrated that for
gluons the last two states made of color neutral gluons AB and
BA do not contribute to ¢, i.e., for gluons calculations can be

performed with 8 x 8 matrix.
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characteristics of the turbulent magnetic fields can not
be obtained theoretically. We perform calculations for
for « = 0.2 and 0.3. Such values of «a can lead to
reasonable values of the ratio 7/s in the scenario with
the dominant contribution of the turbulent fields to the
QGP shear viscosity [21-23]|. The ratio of the chromo-
magnetic energy to the total QGP energy substantially
higher than 0.2 — 0.3 looks unrealistic.

For quarks we perform calculations of § for AL in
the interval between 0.5 to 2 fm. We present the re-
sults obtained for the number of slices (in Eq. (57))
M = 15. For the HTL version with mp/mpy = 3,
that has the smallest A,,fp, the estimated errors are
< 2% at L ~ 2 fm, and are < 0.5% at L < 1 fm (for
mp/mp = 2 the errors becomes smaller by a factor of
~ 2 —3). For the static model even at L ~ 2 fm the er-
rors are < 0.3%. For gluons the needed computational
resources are considerably larger than for quarks (for
the same value of M). For this reason we performed
calculations for M = 10. For the HTL version we re-
stricted the maximal values of AL (AL < 1.1(1.5) fm
for mp/mar = 3(2)) to avoid regions where the errors
may be too large. For the static model we present the
results for the interval 0.5 < AL < 2 fm (in this inter-
val the estimated errors are < 3% at L ~ 2 fm, and are
<0.7% at L <1 fm).

In Figs. 4-7 we present results for the contribution
to ¢ for quark and gluon from scattering on the thermal
constituents, and from scattering in the random chro-
momagnetic fields without and with the effect of the
parton color randomization. The calculations are per-
formed for the parton energy £ = 50 GeV. Note that in
our model only the thermal contribution to ¢ depends
on the parton energy (due to the energy dependence
of the Coulomb logarithm). From Figs. 4-7 one can
see that the effect of the parton color randomization
reduces the turbulent contribution to ¢ by a factor of
~ 0.8 at AL ~ 1 and ~ 0.65 at AL ~ 2 fm for the
static model (the reduction is approximately the same
for quarks and gluons). For the HTL scheme the effect
is stronger. For mp/mp = 2(3), the color randomiza-
tion reduces the turbulent ¢ for quarks by a factor of
0.7(0.6) at AL ~ 1 fm and by a factor of 0.5(0.4) at
AL ~ 2 fm. The magnitude of the reduction of the
turbulent ¢ for gluons due to the color randomization
at AL ~ 1 fm in the HTL scheme is similar to that for
quarks.

Note that, since the turbulent contribution to ¢
is approximately energy independent, one can expect
that our results should be valid for the thermal par-
tons as well. The effect of the parton color random-
ization should lead to some increase of the turbulent
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quark, E=50 GeV, g;/€,=0.2 quark, E=50 GeV, &/¢€,=0.2
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Fig. 4. The transport coefficient ¢ for quark with energy E = 50 GeV in the QGP with 7' = 350 MeV, €y /e = 0.2 as a function

of AL for the static model (left) and for the HTL scheme with mp/mas = 2 (middle) and mp/mar = 3 (right). Solid line:

the turbulent contribution to ¢ obtained accounting for the color randomization of the fast parton; dashed line: the turbulent
contribution without the color randomization of the fast parton; dashed line: the thermal contribution
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Fig. 5. The same as in Fig. 4 for €7 /€0t = 0.3

=0.2 gluon, E=50 GeV, &/¢€,=0.2
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Fig. 6. The same as in Fig. 4 for gluon
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Fig. 7. The same as in Fig. 5 for gluon
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shear viscosity as compared to predictions without the
color randomization (like that of [21,22]). For the HTL
scheme with mp/mp; = 2(3) the ratio n/s should be-
come bigger by a factor of ~ 1.2 — 1.5(1.3 — 1.8) for
AL ~0.5—1 fm.

Finally, it is worth noting that the suppression of s
due to the color randomization of fast partons may be
enhanced by the effects of the running coupling, that
have been ignored in the present analysis. The lattice
calculations of [53] show that at small virtualities the
in-medium o4 may grow up to ~ 0.5 —0.8. The growth
of as at low momenta (and the perturbative logarith-
mic decrease at high momenta) is more important for
the parton color randomization length A, r, entering
(65) than for the thermal transport coefficient g, (for
which the relative contribution of the low momentum
region is suppressed by the factor ¢?). For this rea-
son, the suppression effect of the color randomization
on the turbulent contribution to ¢ should be bigger for
the scheme with the running coupling (if the models
with the fixed and the running coupling lead to similar
predictions for the thermal transport coefficient).

5. CONCLUSIONS

We have analyzed the effect of the parton color ran-
domization on the pr broadening of fast partons in the
QGP with turbulent color fields that can be generated
in the QGP formed in AA collisions due to the non-
abelian Weibel instabilities. Calculations of the trans-
verse momentum broadening of a fast parton travers-
ing the turbulent QGP ignoring its interaction with the
QGP constituents give the transport coefficient ¢ ap-
proximately proportional to the product of the mean
field energy €y and the correlation length 7. of the tur-
bulent color fields. The gluon exchanges between the
fast parton and the thermal partons change the color
charge of the fast parton, that lead to random varia-
tion of the Lorentz force experienced by the fast par-
ton. This acts as a reduction of the correlation length
of the turbulent color fields, and reduces the transport
coeflicient.

We performed calculations of ¢ for a simplified
model of fluctuating color fields in the form of alternat-
ing sequential transverse layers of thickness AL of ho-
mogeneous transverse chromomagnetic fields with ran-
dom orientation in the SU(3) group, and gaussian dis-
tribution in the magnitude. We demonstrated that cal-
culation of ¢ may be reduced to calculation of pp broad-
ening in a single layer. We presented the one-layer (p2.)
in a form which is convenient for numerical simula-
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tions. We performed calculations using for the color
exchanges between the fast parton and the thermal
partons the static model of the Debye screened color
centers [45] and the HTL scheme [47] with a nonzero
magnetic mass [48]. Our numerical results show that
the color randomization can lead to a sizable reduc-
tion of the turbulent contribution to §. We find that
the reduction of ¢ due to the color randomization is
bigger for the HTL scheme, for which the effect grows
with increasing mp/mys. For the HTL version with
mp/my = 3 we obtained the suppression of the tur-
bulent contribution to § by a factor of ~ 0.6 for AL ~ 1
and ~ 0.4 for ~ 2 fm. We have found that the reduc-
tion of the turbulent contribution to ¢ due to the par-
ton color randomization is very similar for quarks and
gluons. The magnitude of the suppression is weakly
dependent on the average energy of the turbulent color
fields in the QGP.
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